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Abstract—A differential Reynolds stress and heat flux closure is adopted for modelling the turbulent
transport of heat and momentum in vertical buoyant free plumes. Modelled transport equations are solved
for the turbulent stresses and heat fluxes, the turbulence energy dissipation rate, and the mean-square
temperature fluctuations. Closure at this level permits the turbulent transport processes to be treated more
exactly than with Boussinesq-type two-equation models which are based on the notion of an effective
viscosity and diffusivity. The solution of a transport equation for the thermal dissipation rate, which avoids
the need to empirically prescribe the ratio of the thermal and mechanical time scales, is also investigated.
The model is applied to the calculation of both self-similar plumes and forced plumes. The results are
compared with existing experimental data and are found to be in reasonable agreement with the measured
behaviour.

1. INTRODUCTION

TURBULENT plumes, such as those that occur in engin-
eering practice exemplified by the flow from smoke
stacks, cooling towers and submerged waste-disposal
systems, are often buoyant: their mean-flow features
and turbulence structure being strongly modified by
the gravitational field. The prediction of such flows
has in most cases utilized turbulence models based on
the notions of isotropic eddy viscosity and constant
turbulent Prandtl number, both assumptions unsup-
ported by experiment. It is not surprising, therefore,
that these models, while yielding acceptable results for
simple non-buoyant shear flows, fail to reproduce the
effects of buoyancy unless modified quite severely in
some respect. One popular route for improving the
performance of standard eddy-viscosity models for
buoyancy has been to use them in conjunction with
algebraic stress/flux models (ASM) that are capable
of reproducing the observed anisotropy of the tur-
bulence field wrought by buoyancy. Such models are
derived by simplifying transport equations for the
individual turbulent stresses and fluxes such that they
reduce to algebraic expressions for these correlations.
Successful predictions of turbulent plumes based on
this approach have been reported by several workers
[1-3].

Although ASMs have proved to be fairly successful
at simulating turbulent plumes, the adoption of such
a closure means that the transport of the turbulent
stresses and heat fluxes is treated fairly simply, and as
a consequence, such models have been found unsuit-
able [3, 4] for situations too far removed from equi-

librium, as for example in strongly-stratified flows.
For general elliptic flows, the ASM expressions are
also rather complex and difficult to implement in
numerical procedures, and so the advantages over
full-transport models are lessened or even negated.
The alternative and more direct approach to mod-
elling the turbulence in buoyancy-affected shear flows
is to obtain the unknown Reynolds stresses and heat
fluxes from the solution of the original modelled
differential transport equations [5~7]. Such a model
now takes direct account of the transport and history
effects on these individual stress and flux components,
and thus is able to simulate the physical processes more
realistically. This approach seems to be more generally
applicable for modelling the more complex buoyant
flows associated with engineering and environmental
applications. While the ultimate objective is to have a
model applicable to the calculation of such practical
flows, the simple vertical buoyant plumes considered
in this study provide an essential basic test of the
modelling procedures.

The Reynolds-stress and heat-flux transport model
of Launder et al. [5-7] has given reasonably good
results for vertical jets and plumes [8,9], although
it has been found that the plane wall jet cannot be
simulated accurately with the standard set of model
coefficients [9]. This basic model which employs the
simplest of the pressure-strain models suggested in
ref. [5], also fails to predict correctly the development
of swirling jets and curved flows that are independent
of the coordinate system. Calculations with the more
complex expression for the pressure—strain fared no
better, and in fact proved even less satisfactory than
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¢’s  empirical constants in the turbulence
model

d source dimension

f wall-damping function

Fy densimetric Froude number

g gravitational acceleration

g component i of the gravitation vector

G;  buoyancy production of wu;

G, production of #,¢” due to buoyancy

J exponent : 0, for plane flows ; 1, for
axisymmetric flows

k turbulent kinetic energy

P static pressure

P,  stress production of uu;

P, production of ¢’ due to mean-
temperature gradients

P,, production of ¢’ due to mean-velocity
gradients

P,  production rate of t'?

R time-scale ratio

T mean temperature

AT  temperature excess

t’ fluctuating temperature

t’>  mean-square temperature fluctuations

u® streamwise turbulent normal stress

uu;  Reynolds stresses

u;t”  Reynolds heat fluxes

ut’ streamwise turbulent heat flux

uw cross-stream turbulent shear stress

U streamwise velocity in the x-direction

U, maximum value of U velocity

U, mean velocity in the x-direction

v? cross-stream turbulent normal stress

NOMENCLATURE

vt’ cross-stream turbulent heat flux
w? transverse or circumferential turbulent
normal stress
X; spatial coordinate in the i-direction
x streamwise coordinate.
y cross-stream coordinate
Greek symbols

coefficient of volumetric expansion
é Kronecker delta
o, velocity half-width
d, temperature half-width
€ dissipation rate of k

g, dissipation rate of 12
m;  pressure redistribution of wu;
7 pressure redistribution of u;t’

P fluid density

Ap  density defect

o’s  empirical diffusion coefficients in
turbulence model.

Superscripts
! fluctuating quantities
mean quantities.

Subscripts
ij spatial coordinates
m maximum value
r reference value at local ambient
conditions
0 source condition
0 ambient condition.

the simpler model. Significant improvements for all
of these cases may be effected by adopting the choice
of model coefficients recommended by Gibson and
Younis [10-13]. Moreover, the ability of the model to
predict the development of simple shear flows remains
unaffected. It is unnecessary to repeat here in detail
the basis for this new set of model constants, but it is
useful to point out that the constants are adjusted to
give relatively less weight to the mean-strain part of
the pressure-strain correlation, and more to the tur-
bulent part. Consequently, the mean-strain part is
reduced from levels indicated by rapid distortion
theory, and the turbulent part is adjusted to conform
with the measured rates of return to isotropy. It is
found that the use of these new constants gives very
good results for the plane wall jet [14], which is in fact
a limiting case for the vertical bounded wall plume.
The objective of the present work is to extend the
closure model of Gibson and Younis [10—-13] to buoy-
ant flows and to assess the performance of the com-
plete Reynolds-stress and heat-flux transport model

for free turbulent jets and plumes. A further novelty
of the present contribution is that the dissipation rate
of temperature variance may be obtained from a solu-
tion of its modelled transport equation [15, 16] rather
than from an empirically-prescribed time-scale ratio
as in previous studies of turbulent buoyant plumes.

2. THE MATHEMATICAL MODEL

2.1. Mean flow equations

The time-averaged equations for steady high
Reynolds-number incompressible buoyant flow are
written in cartesian-tensor form, as follows:

(pU); =0 )

(U U) ;= = P,—(puuy) ;+(p—plg: (2
(U, T),; = —(pu;t’) 3)
p=pTIT @
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wherein uu; and u;7” are, respectively, the unknown
Reynolds stresses and heat fluxes.

2.2. The turbulence model

The numerical solution of the above set of mean-
flow equations is achieved by introducing additional
transport equations for wu; and u;”. These equations
contain higher-order correlations which must be
approximated by model assumptions in order to close
the system of equations. These higher-order cor-
relations represent the processes of diffusive trans-
port, viscous dissipation, and fluctuating pressure—
velocity and pressure-temperature interactions.

The model assumptions adopted in this study have
appeared in detail elsewhere in the literature [5-7, 10~
13, 15, 16] and so only the main features are provided
here. In summary, the present Reynolds stress and
heat flux closure makes use of the linear return-to-
isotropy approximation and the isotropization-of-
production (IP) model for the pressure—strain terms,
similar models for the pressure-temperature-gradient
correlations, simple gradient-diffusion models for the
diffusive transport, and the local isotropy assumption
for viscous dissipation. The gradient-diffusion and
local-isotropy assumptions are appropriate for the
flows considered here, but it is understood that for
more complex buoyant flows, the direct effect of buoy-
ancy on these processes may have to be included, as
done, for example, by Zeman and Lumley [17] for the
diffusive transport.

The complete turbulence closure model is now out-
lined in the following sections.

2.2.1. Reynolds stresses. The Reynolds stresses are
obtained from the following modelled transport equa-
tion:

— —k
(pUkuiuj),k =Cs (Puk“l E(”iuj).l>k

+p(Py+Gii+m;— §6ijs) )

wherein ¢, is an empirical constant which is assigned
a value of 0.22 [10-13]. The five terms appearing on
the right-hand side of equation (5) denote respec-
tively : diffusive transport; stress production due to
mean shear and buoyancy ; redistributive action of the
pressure-strain correlations ; and direct dissipation by
viscous action. The turbulent stress diffusion process
has been approximated by the gradient-diffusion
model of Daly and Harlow [18], while local isotropy
has been assumed for the dissipative correlations.
Consequently, the dissipation term is zero for shear
stresses, and for the normal stresses the same amount
of energy is dissipated in each component of the tur-
bulent kinetic energy.

The production terms P;; and G; need no approxi-
mation and are defined by

Py= —(uau U, +uuU,) 6
Gy = —B(gu;t’ +gut’) @)
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wherein the volumetric coefficient of expansion is
defined by g = —(8p/0T),/p.

The ‘pressure-strain’ term ;; acts to redistribute
energy among the various components and to reduce
shear stresses. The term is modelled as the sum of
three contributions

Ty = Wiy + M2+ M3 ®

the separate elements being associated respectively
with purely turbulence interactions, interactions
between mean strain and fluctuating velocities, and
buoyancy forces. These three contributions are mod-
elled as follows:

E —
Mij = —C E(“i“j"i‘su‘k) &)
Ty = _cz(Pij_éfsiijk) (10)
Tij3 = '—CJ(Gij_%éiijk) (1)

where (¢, ¢, ¢3) = (3.0,0.3,0.3) as recommended by
Gibson and Younis [10-13]. Rotta’s [19] linear return-
to-isotropy model has been adopted for 7;;,, while the
IP models of Launder er al. [5-7] have been used for
m;, and ;. .

2.2.2. Turbulent heat fluxes. The turbulent heat
fluxes are obtained from the following modelled trans-
port equation :

_ [
(pUuit’) = ¢, (P z e, (u;t ).1)*

+P(Plr.l+Pit.2+Gir+nir) (12)

where the constant ¢, is taken equal to 0.15 [8,9].
The five terms appearing on the right-hand side of
equation (12) denote respectively : diffusive transport ;
production due to mean-temperature gradients; pro-
duction due to mean-velocity gradients; production
due to buoyancy; and the action of the pressure—
temperature-gradient correlations. The viscous destruc-
tion term has been neglected by invoking the local
isotropy assumption for high turbulent Reynolds
numbers; and a gradient-type model has been
adopted for the turbulent-heat-flux diffusion process.

The production terms which require no approxi-
mation are defined by

Puy = —ut; Ty (13)
Pua=—ut Uy (14)
G, = —Bgt”? (15)

where 1’2 is the mean square of the temperature fluc-
tuations.

The pressure-temperature-gradient correlation =,
is the counterpart of the pressure-strain term in the
uu; equation and generally, it acts to reduce 7. It is

modelled as the sum of three terms
(16)

Ty = Ty + Myz + T3

the separate components being associated respectively
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with purely turbulence interactions, interactions
between mean strain and fluctuating quantities, and
buoyancy forces. These three contributions are mod-
elied as follows:

Ty = Cui‘ﬂ a7
Ny = -C:an,z (lg)
T3 = _C3lGil (19)

wherein (c,,, ¢2,, €3) = (2.85,0.55,0.55). Following
Launder [6], these empirical coefficients have been
estimated by reference to homogeneous shear-flow
data on the streamwise and cross-stream heat fluxes.
The model for x,,, is that of Monin [20] which can be
seen to be a counterpart of Rotta’s ‘return-to-iso-
tropy’ approximation (9) for the pressure-strain term
m;;y. The models adopted for n,, and r,; are those
proposed by Launder [6] in analogy to the pressure-
strain models (10) and (11).

2.2.3. Turbulence energy dissipation rate. The tur-
bulence energy dissipation rate ¢ is computed from the
following modelled transport equation:

k___
pUie) = Ce(P = ukule,l)
[ 'k

£
+p k erePu+c3Gu—2c58)  (20)

where (c,, ¢y, €2,) = (0.15,1.4,1.8) as recommended
by Gibson and Younis [10-13]. The first term on the
right-hand side of this equation represents diffusive
transport by the turbulent motion. The remaining
terms model the difference between the production
and destruction terms appearing in the exact transport
equation for the dissipation rate.

Buoyancy effects enter in equation (20) through the
buoyancy production term G, and the value of the
empirical constant c,, has been given a value of 0.98
50 as to yield satisfactory results for the free line
plume. This value agrees closely with that used in
previous applications of stress transport closures {8,
9, 21], and contrasts with the experience of algebraic
stress models [2] which return good results with
¢y =¢,,. This very different behaviour of the
algebraic and differential stress closures has been com-
mented upon by other workers [8,21]. Although a
single value for c;, and c,, is desirable, there is,
however, no reason to expect that the modelled
sources of ¢ associated with mean shear and buoyancy
should appear in the e-equation with the same
coefficient. In fact, it is widely known that a value of
¢, close to zero is appropriate for horizontal surface
jets with stable stratification [4].

2.2.4. Temperature fluctuations. The temperature
fluctuations #'* are computed from the following mod-
elled transport equation :
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—= k —_—
(Pl )i = Cﬁ(P . eyt './>k+P(P1—25:) 21

where the constant ¢, is taken as 0.11 [8,9]. This equa-
tion is required for closure in buoyant flows because
the temperature variance appears in the buoyancy
production term (15) of the w;t” equation. The three
terms appearing on the right-hand side of equation
(21) represent respectively : diffusive transport; pro-
duction due to mean-temperature gradients; and dis-
sipation due to molecular action in the fine-scale
motions.

The production rate of ¢ which requires no
approximation is given by

P = —2u7T, (22)

and the dissipation rate ¢, of the temperature fluc-
tuations is determined either from its own modelled
transport equation [15, 16], or by assuming a constant
ratio of the thermal and mechanical time scales

1'%

%R (23)

g =
where R is the time scale ratio which is assigned a
value of 0.56 [3,9], rather than the commonly-used
value of 0.8 [2. 4, 6, 7]. This assignment agrees closely
with that employed by other workers [8] for similar
flows, and follows from the original work of Spalding
[22] who found that this value predicts correctly the
level of concentration fluctuations in non-buoyant
jets. The value of 0.8 is supported by data on stably-
stratified free shear flows [23].

2.2.5. Dissipation rate of temperature fluctuations.
There is enough evidence [23] to show that R is not
sufficiently constant for equation (23) to serve as a
general method of finding ¢, and so several workers
have advocated the use of a modelled transport equa-
tion for determining this quantity. Strictly speaking,
the original transport models of Launder, Lumley and
co-workers [17, 24, 25] are not applicable to flows
with mean strain, and so in subsequent work Jones
and Musonge [15, 16] extended these formulations by
introducing a term involving the production rate of
turbulent kinetic energy. The resulting transport
model was then applied to calculate successfully a
number of self-similar turbulent shear flows. This
model of Jones and Musonge [15, 16} is used in the
present study, and it takes the form

k_
(pUce) s = ¢, (P - “k"18:.1>
£ 3

el sl
+p 0213;—,—2.Pl+cu4pkk%

& &€
~Cer1 ;—,l=z —Ce2 f) (24)

where (cus Cers Cer2s Car3s sz) = (009, 20, 08, 05, ]4)
The majority of these constants are taken from Jones
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and Musonge [15,16], although c,, and c,, have
been adjusted slightly to conform with the values of
¢, and c,, recommended by Gibson and Younis [10-
13]. The five terms appearing on the right-hand side
of equation (24) represent respectively: diffusive
transport; production due to mean-temperature
gradients ; production due to mean shear ; dissipation
dependent on the thermal time scale ; and dissipation
dependent on the mechanical time scale. There is no
direct buoyancy influence on ¢,, as the exact equation
for this quantity does not involve any buoyancy terms.

2.3. Boundary conditions

For all the cases considered, the flow is symmetrical
about the flow axis, and a zero-flux boundary con-
dition is employed along the symmetry plane for all
variables excepting the cross-stream shear stress uy
and heat flux p7’, which are both set to zero. At
free-stream boundaries, a fixed-pressure condition is
applied, and the streamwise velocities and tem-
peratures are set equal to their ambient values, and
zero values are prescribed for all turbulent quantities.
The calculations start from the inlet plane which is
located at the source of the plume or jet. At this
location the distribution of all dependent variables
must be specified before the calculation can start. For
self-similar jets and plumes, the calculations are
started with arbitrary inlet profiles, which is per-
missible because only the similarity solution is of inter-
est in the present work. The inlet values employed for
non-similar flows are given in Section 4.

3. SOLUTION OF THE EQUATIONS

The mean flow and turbulence model equations are
parabolized in the main flow direction and solved
numerically with the parabolic finite-volume pro-
cedure embodied in the PHOENICS computer pro-
gram [26]. The solution is obtained as a marching
integration in the x-direction, starting from prescribed
values of all dependent variables at the source. Typ-
ically, the calculations utilize 40~50 cross-stream grid
cells and a forward step size ranging between 2 and
5% of the local width of the shear layer.

The complete stress—flux transport model was
introduced by utilizing the facilities provided by
PHOENICS for the attachment of user-generated
coding sequences. The most important features of
this implementation were to stagger the location of
the shear stress and heat flux relative to the mean-
field nodes, to eliminate turbulent diffusive transport
in the mean-field equations, and to introduce stress
and heat-flux terms as sources into these equations.

It should be mentioned that the parabolic approxi-
mation brings with it the neglect of streamwise deriva-
tives involving the vertical turbulent heat flux, namely
—6/6x(p;f’) in the mean-temperature equation, and
—2put’6T/ox in the source of temperature fluc-
tuations. Other workers [1,8] have argued for the
inclusion of these terms on the ground that they give,
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respectively, non-negligible contributions to the total
heat flux and the production of temperature fluc-
tuations. Nevertheless, previous calculations with
these approximations have yielded sufficiently accur-
ate predictions of plume flows [2, 3, 9].

4. RESULTS AND DISCUSSION

The model implementation was validated against a
number of well-documented non-buoyant turbulent
shear flows including the flat plate boundary layer,
the plane and axisymmetric free jet and the plane wall
jet. The results for the free jets are presented here
in view of their importance as limiting cases for the
calculation of free buoyant plumes.

It is the purpose of this section to show how the
model is capable of simulating self-similar free jets
and plumes, and also the more general case of a forced
plume. For each case, a set of experimental data is
selected as a basis of comparison, and the closure
model is then applied so as to simulate these data.
Similarity and scaling laws [3, 30, 31] are used to
present the results in dimensionless form. These laws
lead to certain expectations on the behaviour of tur-
bulent jets and plumes, and are therefore useful for
assessing the reliability of both prediction and exper-
iment. The concept of similarity also allows data
obtained in different experiments to be used together
for model evaluation purposes, with the proviso, of
course, that the measurements evidence the expected
similarity behaviour.

4.1. Self-similar turbulent jets

In this section, the flows considered are heated
axisymmetric (round) and plane jets exhausting into
stagnant surroundings from a source of momentum
with negligible buoyancy. The computed and mea-
sured similarity profiles of both mean-flow and tur-
bulent quantities are shown in Figs. 1-4. Figures 1
and 2 present results for the plane jet, while Figs. 3 and
4 show results for the round jet. The figures include
predictions made with a constant and variable time-
scale ratio, the latter being determined via the solution
of the transport equation for the thermal dissipation
rate.

4.1.1. Plane jer. The calculated spreading rate
dé,/dx = 0.1 agrees fairly well with the range of
experimental values reported by Rodi [29], ie.
dé,/dx = 0.1-0.11. The thermal spreading rate dé,/dx
is predicted at 0.13, which is somewhat lower than the
experimental] value of 0.14 recommended by Chen and
Rodi [30], but in excellent agreement with the value
of 0.128 recommended in the more recent review of
Gouldin ez al. [31].

Figure 1 reveals that the calculated mean velocity
and shear stress profiles show good agreement with
the plane-jet data [27], but as noted in earlier studies
[13], the normal stress profiles are less satisfactorily
predicted. However, there are considerable differences
between the two sets of data [27, 28] for the normal
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FiG. 1. Plane free jet: similarity profiles of mean velocity and Reynolds stresses. Data of: Bradbury {27],

QO ; Gutmark and Wygnanski [28], (J. Predictions,

stresses. The distribution of the mean temperature in
Fig. 2 shows close agreement with the measurements
[32]). The predicted profile shapes for each of the heat-
flux components agree reasonably well with the data
[33], but their magnitudes are overestimated. The fig-
ure shows, however, that the measured lateral heat
fluxes are not satisfactory because they are appre-
ciably below the values required to close the mean
temperature equation. This appears to be a common
difficulty with measurements of the heat flux in jets
and plumes, and the problem has been discussed in
some detail by List [35].

The distribution of the temperature fluctuations
produced by each closure model agrees fairly well with

the data [34]}, except perhaps in the highly intermittent
outer region. The predictions obtained with the con-
stant time-scale ratio are marginally better than those
obtained via the solution of an equation for the ther-
mal dissipation rate. From Fig. 2, it can also be seen
that the predicted time-scale ratio varies across the
flow, increasing gradually towards the free stream
with an average value of about 0.5 in the bulk of the
flow. This increase in R is in qualitative agreement
with the experimental behaviour reported by Antonia
[36).

4.1.2. Round jet. The predicted spreading rate
dé,/dx = 0.103, representing an increase of 20% over
the value of 0.086 supported by experiments [29]. This
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FiG. 2. Plane free jet : similarity profiles of mean temperature, turbulent heat fluxes, temperature fluctuations
and time-scale ratio. Data of: Van der Hegge Zijnen [32], O ; Ramaprian and Chandrasekhara [33], @ ;

Bashir and Uberoi [34], A. Predictions,

result represents a significant improvement over the
values of 0.121 and 0.14 obtained with the two press-
ure-strain models proposed by Launder er al. [5].
The problem of predicting the spreading rates of plane
and round jets with the same model is well known,
and the anomaly is usually attributed to deficiencies
in the modelled mechanical dissipation-rate equation
(20). The thermal growth rate dd,/dx is predicted at
0.138, which is 25% higher than the value of 0.11
recommended by Chen and Rodi [30]. This dis-
crepancy is due mainly to the inability of the model
to obtain the correct velocity spreading rate.

. Predictions (R = 0.56), ———.

Figure 3 shows that the calculated profile of mean
velocity is in excellent agreement with the measured
profile [29]. The predictions for the radial shear stress
overestimate the measurements [29], which is consistent
with the overprediction of the rate of spread. The
agreement between the measured and calculated tur-
bulent normal stresses is somewhat unsatisfactory,
in that the Reynolds stress model underpredicts the
measured values [29] in the core of the jet.

Turning to the thermal profiles shown in Fig. 4,
it can be seen that the mean temperature profile is
predicted satisfactorily, but the turbulent heat flux
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FiG. 3. Round free jet: similarity profiles of mean velocity and Reynolds stresses. Data of Rodi [29], O.

Predictions,

levels predicted by the model are largely in error.
However, the experimental [37] radial heat fluxes cor-
respond to a measuring station of x/d = 15, and there-
fore, they are not strictly similarity profiles because the
turbulence becomes self-similar further downstream.
Consequently, the measured heat fluxes are probably
too low to be representative of a self-similar jet. In
fact, the figure shows that the predicted distribution
of vt’ is much closer to the distribution determined
from the mean velocity and mean temperature
measurements [30]. The measured [38] axial heat flux
levels are actually for a round jet in a co-flowing
stream, and they are almost certainly too high for a
jet in stagnant surroundings. For example, the tur-
bulence levels reported by Antonia et al. [38] for other
quantities are almost twice those reported by other

experimenters for jets issuing into stagnant sur-
roundings. For self-similar round jets, similarly pro-
files of ur” and vt” are not available.

Figure 4 also shows reasonable agreement between
the predicted and measured {39] temperature fluc-
tuations, with the constant time-scale closure yielding
somewhat better predictions over the outer part of the
flow. The computed variation of the time-scale ratio
shown in Fig. 4 is broadly similar to that obtained for
the plane jet, showing an average value of about 0.5
in the core of the jet.

4.2. Self-similar turbulent plumes

Turning now to buoyant flows, the cases considered
are vertical turbulent plane and round plumes gen-
erated from a source of buoyancy with negligible
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FIG. 4. Round free jet: similarity profiles of mean temperature, turbulent heat fluxes, temperature fluc-
tuations and time-scale ratio. Data of : Chen and Rodi [30], O ; Chevray and Tutu [37], @ ; Antonia et

al. [38], A ; Becker er al. [39], (3. Predictions,

momentum. Comparisons of the calculated and mea-
sured similarity profiles of both mean-flow and tur-
bulent quantities are given in Figs. 5-8. Calculated
results are shown for both constant and variable time-
scale ratios. The results for the plane plume are dis-
played in Figs. 5 and 6, while Figs. 7 and 8 present
results for the round plume.

4.2.1. Plane plume. Calculations of plane plumes
with ¢;, = c;, (sée equation (20)) proved unsat-
isfactory as -the computed spreading rates of
dd,/dx = 0.081 and dé,/dx = 0.089 were fully 20%
lower than those of experiments [33]. Here, it is noted
that Haroutunian and Launder [8] reported similar

. Predictions (R = 0.56), ———.

discrepancies, even when terms involving streamwise
gradients (neglected in this work) were included.
Liauw [21] obtained satisfactory predictions by taking
¢1, to be unity, and this is confirmed here because the
measured spreading rate of 0.104 is reproduced with
¢35 = 0.98 (70% of its original value). The predicted
value of dé,/dx is 0.111, which is in excellent agree-
ment with the experimental value {33] of 0.11. The use
of a constant time-scale ratio of 0.56 yields the almost
identical spreading rates of dé,/dx = 0.105 and
dé,/dx = 0.113.

The cross-stream profiles of mean velocity and tur-
bulent stresses are compared with experiment {33] in
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1t |

FIG. 5. Plane free plume: similarity profiles of mean velocity and Reynolds stresses. Data of Ramaprian

and Chandrasekhara [33], Q. Predictions,

Fig. 5. It can be seen that the differences between the
variable and constant time-scale-ratio computations
are small. The predicted lateral variations of the mean
velocity and shear stress show good agreement with
the data. The normal stresses are also reasonably well
predicted, though the data on u® suggest somewhat
lower turbulence levels. It should be noted that w” has
been inferred from the data on v® and u%. A com-
parison between the results for the plume and non-
buoyant jet reveals that there is a general increase in
the relative turbulence levels due to the influence of
buoyancy. This trend is in agreement with the exper-
imental findings.

Turning to the thermal results, Fig. 6 reveals that

. Predictions (R = 0.56), ———.

the agreement of the mean temperature profile is good,
and it is noted here that the predictions are superior
to those obtained from calculations with the old set
of model coefficients proposed by Gibson and Laun-
der [7], for which d3,/dx = 0.104 and dé,/dx = 0.119.
From the same figure, it can be seen that the model
predictions for the levels of the turbulent heat fluxes
are much higher than those measured. The predicted
magnitudes of v¢’ are considerably higher than those
obtained by direct measurement {33], but as the figure
shows, the data do not close the mean temperature
equation. In fact, the predictions show close agree-
ment with the levels of v’ deduced from the mean-flow
measurements. The model indicates that the overali
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contribution ut’ to the total vertical heat flux is about
10%, which is close to the experimental [33] range of
10-12%. Of course, the present calculations neglect
the presence of this correlation in the mean tem-
perature equation. Comparison of Fig. 6 with Fig. 2
reveals that the heat-flux profiles for the jet and plume
are similar in shape, but the influence of buoyancy is
to increase the relative turbulence levels considerably.

Attention is now turned to the predicted and mea-
sured temperature-fluctuation profiles shown in Fig.
6. The computations with a time-scale ratio of 0.56
produce intensities that are in good agreement with
the data [33], and so the model predicts that the rela-

tive intensity is much higher in the plume than in the
jet. This trend is in agreement with the experimental
findings, as may be seen by comparing Fig. 6 with Fig.
2. On the other hand, the predictions of the tem-
perature-fluctuation intensities obtained from the ¢,
transport equation are about 35% too low in the core
of the plume. This result follows from a decrease in
the average value of R to about 0.36 (see Fig. 6),
which may be explained by an increase in the thermal
dissipation rate due to unstable stratification. The
remainder of the thermal predictions, however, show
very little sensitivity to this change in R, except that
there is a noticeable reduction in ut’ because of the
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FIG. 7. Round free plume : similarity profiles of mean velocity and Reynolds stresses. Data of: George et

al. [40], O, O; Beuther er al. {41), @. Predictions,

buoyancy source (15) appearing in the transport equa-
tion for this correlation.

Both closure models for g, predict an integrated flux
Richardson number, —Gi/Py, of —0.25, whereas
Ramaprian and Chandrasekhara [33] reported a
measured value of about —0.15. Thus, in the calcu-
lations, the buoyancy contribution amounts to about
20% of the total production of the turbulent kinetic
energy. :

4.2.2. Round plume. For calculations with a variable
time-scale ratio, the model predicts spreading rates of
dé,/dx = 0.139 and dd,/dx = 0.146. The correspond-
ing results for a constant value of R are very similar

. Predictions (R = 0.56), ~-——.

with dd,/dx = 0.143 and dé,/dx = 0.15. These values
are substantially larger than the respective values
of 0.112 and 0.104 measured by George et al. [40].
This discrepancy of about 25% in dé,/dx may be
attributed to the round-jet spreading-rate anomaly
referred to earlier, which is obviously carried over
to the buoyancy-driven plume. However, the dis-
agreement about dé,/dx seems not to arise solely from
this quarter, because the model does not predict the
correct relative behaviour of the velocity and tem-
perature spreading. This discrepancy is also evident
in the stress-transport predictions of Haroutunian and
Launder {8], but not in the algebraic stress closure of
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Hossain and Rodi {2]. This suggests that there
is insufficient radial diffusive transport of v¢’ in the
differential stress model, but it should also be noted
that the algebraic closure has the advantage that it
employs empirical corrections to predict correctly the
radial transport of streamwise momentum.

For the present turbulence model, nearly equal
spreading of the velocity and temperature fields
(dd,/dx = 0.139 and dé,/dx = 0.141) can be obtained
by increasing the coefficient ¢, from 0.15 to 0.2, so as
to enhance the radial diffusive transport of vt’; this
has the effect of decreasing vt’, and hence the thermal
spreading rate. While this practice leads to only mar-

0.56), ———.

ginal reductions in the thermal spreading rates (2%
maximum) of the other test cases, it unfortunately
results in a less satisfactory prediction of the shape of
the vt profile towards the edge of the round plume.
Figure 7 shows that the similarity profiles of the
mean velocity are in very good agreement with the
measurements [40]. The same figure reveals that the
computed normal stress levels are in fairly good accord
with the data [40,41] close to the axis of the plume,
but elsewhere the model tends to overpredict the tur-
bulence levels. The computed shearing stresses are
also too high, which is consistent with the over-
estimation of the plume spreading rate. The results
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also show that the variation in R brought about by
solving for ¢,, leads to a more marked reduction in
turbulence levels than was found for the plane plume
(see Fig. 5). However, the differences between the two
sets of normal-stress predictions are not dramatic. It
should be mentioned that the data on w? were esti-
mated by assuming w? = 2.

As may be seen from Fig. 8, the predicted tem-
perature profile is somewhat wider than the measured
one [40]. This defect is reflected in the overprediction
of dé,/dx noted earlier, and is a consequence of the
poor predictions of vt’ due mainly to the over-
prediction of turbulence levels discussed above. Fig-
ure 8 also shows that the distributions of the mean
temperature and radial heat flux are scarcely altered
by the change in closure model for ¢,. However, it can
be seen that the use of a variable time-scale ratio
produces a large effect on the magnitudes of '? and
ut’, and the effect is much more pronounced than for
the plane plume. The calculations with a constant
time-scale ratio overpredict the level of temperature-
fluctuation intensity by about 50%, whilst distinctly
better levels of 1”2 are found by solving the transport
equation for ¢,. The improved predictions result from
the strong reduction in R, which as may be seen in
Fig. 8, decreases to an average value of about 0.34.
The predictions of ut” are also improved because a fall
in the temperature fluctuations causes a reduction in
the generation rate of ut’ by buoyancy forces.

Both sets of predictions indicate that 20% of the
total vertical heat flux is borne by the turbulence. This
contribution is 5% higher than the experimental value
reported by George et al. [40], and indicates that a
significant fraction of the total energy flux is provided
by the high correlation between temperature and
vertical velocity fluctuations. The integrated flux
Richardson number is predicted at —0.44 which
indicates that the buoyancy contribution amounts to
about 30% of the total production rate of turbulent
kinetic energy.

4.3. Forced turbulent plumes

In the foregoing sections, the limiting cases of jet and
plume flows were predicted. In this section, the general
situation of the forced plume is considered where there
are present both initial momentum and buoyancy.
Under certain conditions the flow may behave first
like a pure jet and then show a gradual transition to
behave like a pure plume in the far field [30]. For
both plane and axisymmetric cases, calculations are
performed for densimetric source Froude numbers of
1, 5, 50, 500 and 1000. In each case, the marching
integration is carried out until the flow finally behaves
like a pure plume. Uniform inlet conditions are chosen
for each case so as to define the appropriate Froude
number, Fy, = poU2/(gdAp,). Here Ap, is the density
defect at the source, d the source dimension, and sub-
script 0 denotes a source condition.

The results are presented in terms of dimensionless
plots of centre-line values of flow variables against
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vertical distance from the source. The data and pre-
dictions are plotted in Figs. 9 and 10 according to the
scaling law of Chen and Rodi [30]. Figure 9 compares
the predicted and experimental decay of the centre-
line values of the velocity, density defect, vertical tur-
bulent intensity, turbulent temperature intensity, and
vertical turbulent heat flux. The corresponding results
for axisymmetric forced plumes are given in Fig. 10.
The experimental data in these figures are taken from
the compilations of Chen and Rodi [30], Malin [3, 42]
and Ogino et al. [43]). Both figures show the demar-
cation of the jet, transition and plume regions deter-
mined by Chen and Rodi [30] from their analysis of
the experimental data. Calculations were made with
both closure models for ¢,, but the plotted results were
significantly different only for % and ut’. Therefore,
both sets of predictions are shown only for these quan-
tities, and for the remaining variables, results are given
only for calculations made with a variable time-scale
ratio.

4.3.1. Decay of mean quantities. For both planar
and axisymmetric cases, Figs. 9 and 10 show that all
the predictions eventually converge into a single curve
beyond the zone of flow establishment. The cal-
culations for Fp, = 1000 cover the full range between
pure jet and pure plume. A gradual change from jetlike
to plumelike behaviour is observed, which agrees
closely with the experimental data. Within the jet and
plume regions respectively, similarity theory dictates
that the centre-line velocity should decay as x~¢'+//2
and x~/3, and the density defect as x~{'*+%2 and
x~¥*+3913_ For both plane and round cases, the pre-
dictions verify these similarity decay laws, and the
calculated demarcation of the three regions of the
forced plume are in agreement with experiment.

4.3.2. Decay of turbulent quantities. From the axial
plots of dimensionless turbulent quantities given in
Figs. 9 and 10, it can be seen that for both plane and
axisymmetric geometries, the predictions obtained for
each source Froude number all merge into a single
curve when the flow becomes established. These fig-
ures also reveal that the predicted decay behaviour
agrees with gradients representing the similarity decay
laws for the plume regions. The agreement with exper-
iment about the vertical velocity fluctuations is very
good for planar cases, but not surprisingly the inten-
sities are overpredicted for axisymmetric forced
plumes. It may be recalled that the model overpredicts
the intensity of the vertical fluctuations for the limiting
case of the self-similar round plume. Figures 9 and 10
show that of the two sets of predictions for the centre-
line values of ut’ and 1’2, the calculations with a con-
stant time-scale ratio tend to produce the best agree-
ment with experiment.

5. CONCLUSIONS

The present study has demonstrated that the main
features of vertical plane and round turbulent jets and
plumes are predicted with reasonable accuracy by a
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revised Reynolds stress and heat flux transport

closure. The main findings of the work are listed
below.

(a) Solutions to the self-similar round jet show sub-
stantially better predictions than achieved with the

old set of model coefficients proposed by Gibson and
Launder [7], although the velocity spreading rate is
still about 20% greater than experiment. The plane
jet case is predicted fairly well by the model.

(b) Calculations of plane plumes with ¢,, = ¢,, dis-
play rates of spread that are 20% lower than exper-
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iment, but good agreement with the measured behav-
iour can be obtained by reducing the model coefficient
¢, to 70% of its original value.

(c) The predictions of axisymmeric plumes are less
satisfactory than the plane cases, mainly because of
the shortcomings associated with the failure of the

. _1 1.BEte2
x (Fy pg )4
d Pes

predicted decay of centre-line mean and turbulent
[42], Chen and Rodi [30] and Ogino et al. [43].

. Predictions (R = 0.56), ———.

model to predict correctly the growth rate of the
axisymmetric jet.

(d) For jet flows, the modelled transport equation
for &, predicts broadly the correct levels of fluctuating
temperature, but the predictions are no better than
those obtained with a constant time-scale ratio. The
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transport model also predicts correctly that the time-
scale ratio decreases under the influence of buoyancy,
and this feature leads to improved predictions of ¢*
for the round plume. However, the model under-
estimates the level of temperature fluctuations for
plane plumes, and better results are obtained with a
constant time-scale ratio.

(¢) The Reynolds stress and heat flux transport
model is capable of reproducing with reasonable accu-
racy the main features of turbulent forced plumes,
where the flow undergoes a gradual transition from
jetlike to plumelike behaviour.

The work presented in this paper forms part of an
ongoing program of research concerned with the
development of a Reynolds-stress/flux turbulence
closure model for predicting practical buoyancy flows.
In future work, attention will be focused on applying
the model to both bounded and stratified buoyant
flows. It is intended that further refinement to the
model should concentrate on the closure approxi-
mations employed for the heat-flux and dissipation-
rate equations.
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CALCUL DES PANACHES TURBULENTS AVEC FERMETURE PAR LES TENSIONS
DE REYNOLDS ET LES FLUX DE CHALEUR

Résumé—On adopte une fermeture différentielle des tensions de Reynolds et des flux de chaleur pour
modéliser la convection de chaleur et de quantité de mouvement dans des panaches libres verticaux. Les
équations sont résolues pour les tensions et les flux thermiques, la dissipation de I’énergie turbulente et les
moyennes quadratiques des fluctuations de température. La fermeture permet de traiter les mécanismes de
transport turbulent de fagon plus exacte que par les modéles & deux équations de type Boussinesq qui sont
basés sur la notion d’une viscosité et d’une diffusivité effective. Le modéle est appliqué au calcul des
panaches self-similaires et des panaches forcés. Les résultats sont comparés aux données expérimentales et
ils sont en accord raisonnable avec les observations.

BERECHNUNG TURBULENTER AUFTRIEBSFAHNEN

Zusammenfassung—Der turbulente Energie- und Impulstransport in senkrechten freien Auftriebsfahnen
wird mit Hilfe einer differentiellen SchlieBbedingung fiir Reynolds’sche Schubspannung und Wérmestrom
modelliert. Die Transportgleichungen werden fiir turbulente Schubspannungen und Wirmestrome, die
Dissipationsrate der Turbulenzenergie und die mittleren quadratischen Temperaturschwankungen gelost.
Eine SchlieBbedingung an dieser Stelle erlaubt eine exaktere Berechnung der turbulenten Transport-
vorginge als bei Zwei-Gleichungs-Modellen nach Boussinesq, welche auf der Einfiihrung von Effektiv-
werten fir Viskositdt und Diffusivitit beruhen. AuBerdem wird die Losung einer Transportgleichung
fiir die thermische Dissipation untersucht, welche ohne eine empirische Beschreibung des Verhiltnisses
der thermischen und mechanischen ZeitmaBstibe auskommt. Das Modell wird fiir die Berechnung von
selbstahnlichen Auftriebsfahnen und erzwungenen Auftriebsfahnen angewandt. Die Ergebnisse werden
mit vorhandenen Versuchsdaten verglichen, wobei sich eine brauchbare Ubereinstimmung ergibt.

PACYET TYPBYJIEHTHBIX BOCXOSIMIMX CBOBOJHOKOHBEKTHBHMIX TEYEHHH C
 3AMBIKAHMEM YPABHEHHMA ITIYTEM YYETA PEHHOJ/IbJICOBCKHUX HAMPSXXEHHUA
N NEPEHOCA TEILJIOBOI'O ITOTOKA

AmmoTamms—3aMbXaHAe ¢ DOMOUBIO JHGGCPCHUKATLHRX PERHONBLACOBCKHX HANPXCHAN H TCILIOBBIX
MOTOKOB HCTIONL3YETCA NPH MOACTHPOBAHAH TYpPGyNEHTHOroO NepeHoca T2 K HMOY/IbCa B BePTHKAND-
HBIX CBOGOMHOKOHBEXTHBHBIX thaxenax. ITomyyueHHbIC YPaBHCHHS MEPEHOCA PeIlialoTCA Uls TypSyacHT-
HbIX HAOpAXCHEN H TCIUIOBMX MOTOKOB, CKOPOCTH [HMCCHNALMH 3JHCPrHH TypOynaeHTHOCTH H
CpeAHeXBAZPATHIHKIX MyNbcanAll TemnepaTyphl. Mcnonssyemas mpouenypa 3aMBiXaHHR DO3BOJIAET
6oJsicc TOYHO MCCCAOBATH MPOLECCH TYPOYJNEHTHOro MEPeHOCA, 4eM BYXNapaMeTPHYECKHE MOJC/H
Tana ByccuHecka, OCHOBAaHHLIC H2 HOHATHH 3QQEXTHBHON BAIXOCTH H TCMICPATYPONPOBOAHOCTH.
Taxxe npoBeficH aHANH3 PEUICHAA YPaBHEHHS NMEPeHOCA [UIN THCCHNIALMH >HEPrHH, B KOTOPOM HE Tpe-
GyeTca 3a0a8aTh SMOEPHYCCKA OTHOLICHAC BPCMCHHAEIX MACINTa60B TEMIOBLIX H MEXaRHHYCCKHX OPOHCC-
cos. IIpeanoxennas Modeb NPAMCHACTCS LIS Paciera KaK CAMOCTIACOBAHHBIX, TAK H BHIHYXICHHBIX
socxoasumx axenos. ITonyacHnbie pe3ynbTaThl CPABHHBAIOTCA C HMCIOLIEMECH OKCTICPHMCHTALHLIMHA
AaHHLIMA, H HARZICHO, YTO OHH YHOBJICTBOPHTEILHO COTJIACYIOTCA C Pe3yAbTATAMH HIMEPEHH.



